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New experimental data for a range of gas velocities from 0.1 to 1.5 cm/s are
explained by an elementary theory that combines the effect of bubble retardation
owing to Bjerknes forces with the breakage relationship of Hinze in a pulsed-bubble
column. A frequency range from 10 to 30 Hz, and two amplitudes of fluid oscillation
were used in the 8.9 cm column: 1.66 and 2.46 mm. Experimental values of volumetric
mass-transfer coefficient for oxygen dissolution followed predictions of theory using a
modified penetration model. A new phenomenon was observed and was predictable
from theory, namely ‘‘flooding’’, which arises when bubbles are partially or fully re-
tarded by Bjerknes forces at the point of injection. Under flooding conditions, transport
enhancement levels off as frequency or amplitude is increased. Bubble-size distribution
was measured as a function of frequency, and the calculated Sauter-mean diameter
was satisfactorily fitted by the Hinze breakage formula. � 2007 American Institute of

Chemical Engineers AIChE J, 53: 1678–1686, 2007
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Introduction

Recent data1,2 taken from pulsed bubble-column reactors
(BCR) showed several interesting and unexpected properties
relative to the enhanced behavior of mass-transfer coefficient
and column voidage (holdup). For both mass transfer and
voidage, peaking occurred when a flexible piston was used to
impart pulsations, but sigmoidal responses arose when a solid
piston was used to pulse the liquid phase. The former
response characteristics were explained as a result of elastic
dynamics arising from the flexible piston. However, the
response from the solid piston was only quantified by corre-
lation using power per unit mass, with passing reference to
possible effects arising from Bjerknes forces.

We have now uncovered a simplified, one-dimensional
(1-D) theory to predict the curious effects using the solid pis-
ton. New data have been produced to test the theory, with a
range of superficial-gas velocities.

Theory

An expression to compute the time average force on a
bubble in a vertically vibrating liquid column was derived by
Buchanan et al.3 some time ago. These authors were more
interested in the ‘‘entrainment’’ of bubbles from the top
unstable interface of a vibrating column of water, and they
provided approximate verification for this entrainment as a
function of frequency and amplitude. This was followed by
work describing mass transfer into reacting solutions under
vibrating conditions.4 Later, Jameson5 and Lemcoff and
Jameson6 studied the so-called resonant-bubble contactor in
mass-transfer applications. A vibrating slurry reactor was
also studied.7 None of these led to a general theory to
explain the enhanced transport observed.

A general expression for the time-averaged force on a sub-
merged bubble (after Bjerknes8) is given by

�
F
�
¼ r V0g�

Ao2

2
DVmax

8>>: 9>>; (1)

where the second term is the induced Bjerknes ‘‘kinetic
buoyancy’’ force. A bubble experiences a force in an acceler-
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ating liquid in the direction of the acceleration, and is the
product of the mass of liquid displaced and the imposed
acceleration. In vertical pulsation, the bubble volume is
greater at the top of the stroke (smaller hydraulic head) than
at the bottom, so the net difference of this kinetic buoyancy
acts downward against gravity. When the two buoyancy
forces are equal, so that, hFi ¼ 0 the bubble is held station-
ary, that is, it oscillates around a fixed position.

The term DVmax represents the maximum volume ampli-
tude of the bubble around the mean of Vo. Buchanan et al.3

derived the following expression to calculate DVmax

DVmax

Vo
¼ rho2A

Po þ rhg� rho2A
(2)

where h is the height above the bubble, and Po is the pres-
sure at the top interface. When Po is atmospheric or larger,
so that under most conditions Po . (rhg � rho2A), hence,
we shall take

DVmax

Vo
ffi rho2A

Po
(3)

Here, liquid amplitude A has been assumed to be independ-
ent of vertical position. Earlier, it was shown experimentally
that amplitude of liquid pulsation is essentially the same as the
cam amplitude.2 When Eq. 3 is inserted into Eq. 1, we find

�
F
�
¼ rVo g 1 � 1

2

ðrhÞA2o4

g Po

8>>: 9>>; ¼ rVo gð1 �MðhÞÞ (4)

where

MðhÞ ¼ 1

2

ðrhÞA2o4

g Po
(5)

which takes a value of unity to cause the bubbles to stop rising.
The effect on the time-averaged bubble-rise velocity can be
inferred from an average-force balance including drag

�
F
�
¼ 1

2
rU2CDðpR2Þ (6)

Predicting Voidage

We wish to predict column voidage arising from the
effects of pulsation. The retardation of rise velocity is key.
In this work, we shall use the drag expression after Kunii
and Levenspiel9

CD ¼ 10ffiffiffiffiffiffi
Re

p (7)

which is valid for Re , 500.
Inserting this into Eq. 6, and using Eq. 4 for an assumed

spherical bubble yields

U

d
¼ 2g

15
ffiffiffi
u

p
8>>: 9>>;2=3

½1 �MðhÞ�2=3
(8)

where d denotes bubble diameter. This expression shows as
M(h) ? 1, then U ? 0, as required.

For batch systems of the type we have used,1,2 and for
dilute gas holdup, we can write

e ¼ Uog

U
(9)

which connects gas voidage to gas superficial velocity Uog

and gas-rise velocity U.
Inserting the rise velocity from Eq. 8 gives an expression

to calculate voidage at a position h from the top interface

eðhÞ ¼ Uog

d 2g
15

ffiffi
u

p ð1 �MðhÞÞ
h i2=3

(10)

It can be seen in this expression that a singularity arises
when M(h) ¼ 1. One expects to see a spike in voidage at such
points, or bubble clustering.10,11 As we shall show, our experi-
ments were operated such that M(h) , 1. Moreover, an average
voidage was measured so the earlier expression must be aver-
aged over the column length. We shall take the bubble size
under oscillating conditions to be of the Hinze12 type, so that

d ¼ k

s
r

8: 9;3=5

P
2=5
m

(11)

The Hinze formula is based on the bubble breakage process
in turbulent flows. In the current work, effects of the bubble to
bubble coalescence are neglected. The constant k was given in
the review of Taitel et al.13 for gas-liquid systems as 1.14, and
was later determined by experiments to take a value of 1.67,
using liquid jets to split bubbles by shearing, as reported by
Lewis and Davidson14 (see Table 1). The size reported by
these authors represented the maximum stable-bubble size for
the breakup of bubbles by turbulent forces. We have made
experiments (to be discussed) using high-speed photography to
find the Sauter-mean diameter for this experimental program,
and the value of the fitted k was found to be 1.70, remarkably
close to the value reported by Lewis and Davidson.14 We shall
use the value 1.70 for k in the remainder of the development.

As before,1,2 we shall take the power per unit mass as*

Pm ¼ gUog þ
1

2
A2o3

8>: 9>; (12)

which represents the two contributions from, first, gas injec-
tion, and second, liquid oscillation.

The clever combination of theory and experiment in the
work of Lewis and Davidson14 to cause shear induced split-
ting of bubbles, lends strong support to our contention that
bubble breakage in oscillating flow is mainly by shear, and
not by eddy effects. Moreover, they showed that the Hinze
formula is also applicable to shear breakage, with a different
multiplier (1.67) relative to the fitted constant of Hinze
(0.725). So, the same power can be used to form eddies (at
the tip of impellers, or around baffles), or to cause high-shear
rates: either can be the source for breaking bubbles, depend-
ing on the configuration of equipment.

*Equation 12 represents the maximum power per unit mass in a cycle, since the tran-
sient expression is Pm(t) ¼ gUog� A2o3 sin(ot) cos(ot), hence, a maximum for break-
age purposes occurs when tan(ot) ¼ � 1, which finally yields the result in Eq. 12.
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Inserting the previous expression for bubble size, and using
the earlier power formula, the local voidage in a plane at dis-
tance h from the top interface is found from Eq. 10 to be

eðhÞ ¼
Uog gUog þ 1

2
A2o3

� �2=5

1:7 s
r

8: 9;3=5
2g

15
ffiffi
u

p ð1 �MðhÞÞ
h i2=3

(13)

To find the average voidage for the column as a whole, we
integrate the local value over the total emulsion height H from
the gas injector to the top interface

�
e
�
¼ 1

H

Z H

0

eðhÞdh (14)

which yields

�
e
�
¼

15
2

8: 9;2=3

1:7

Uog gUog þ 1
2
A2o3

� �2=5

s
r

8: 9;3=5
gffiffi
u

p
8: 9;2=3

EðMÞ (15)

and

EðMÞ ¼ 3

M

�
1 � ð1 �MÞ1=3

�
(15a)

where M is the M(h) evaluated at total liquid column height H,
and is given as

M ¼ 1

2

ðrHÞA2o4

gPo
(15b)

The limits on E(M) are as follows

lim
M!1

EðMÞ ! 3; lim
M!0

EðMÞ ! 1 (16)

We shall compare predictions from Eq. 15 in the sections to
follow.

Predicting Mass-Transfer Coefficient

From our previous work,1,2 we expect the measured volu-
metric mass-transfer coefficient to be enhanced. There are two
sources of enhancement arising from the applied pulsation:

1. Enhancement caused by bubble breakage, which
increases area (the Hinze effect),

2. enhancement arising from bubble retardation, which
increases voidage (the Bjerknes effect).

The Bjerknes force also has a third effect, mentioned ear-
lier, which arises when M ? 1. We shall call this the

‘‘flooding effect’’, which is similar in many ways to the

flooding observed in counter current gas-liquid packed col-

umns. The flooding effect produces a flood line, as we shall

see, which is an upper limit to further increases in mass-

transfer coefficient.
We assume that the penetration theory, with modifications,

is the appropriate starting point to predict mass transport,

hence, for spherical bubbles

kLa ¼
ffiffiffiffiffiffiffi
4

p
D

tc

r
6

d
e

8>: 9>; (17)

where, d is the Sauter-mean bubble diameter, and the contact
time is taken to be

tc ¼
d

U
(17a)

The vibrating interface may affect transport at higher
frequency, but we have ignored it here. Inserting d/U from
Eq. 8, and voidage from Eq. 10 yields an expression for local
transport coefficient

kLa ¼ 12ffiffiffi
p

p

ffiffiffiffi
D

p Uog

d2

8: 9;
2g

15
ffiffi
u

p 1 �MðhÞð Þ
h i1=3

(18)

where again we shall use the Hinze expression in Eq. 11 to
calculate bubble size d. To find the average for kLa, we again
integrate over the whole volume as

hkLai ¼
1

H

Z H

0

ðkLaÞdh (19)

which gives

hkLai ¼
12ffiffiffi
p

p 15

2

8>: 9>;1=3 Uog

ffiffiffiffi
D

p

gffiffi
u

p
8: 9;1=3

d2

GðMÞ (20)

where

GðMÞ ¼ 3

2

1 � ð1 �MÞ2=3

M

" #
(20a)

with an upper limit of 3/2 when M ¼ 1, and lower limit of
1.0 when M ¼ 0.

Combining all the constants when d is inserted from
Eq. 11 gives

hkLai ¼ K
Uog

ffiffiffiffi
D

p
gUog þ 1

2
A2o3

� �4=5

s
r

8: 9;6=5
gffiffi
u

p
8: 9;1=3

GðMÞ (21)

where K ¼
12ffiffi
p

p

8:15
2

9;1=3

1:72 ¼ 4:58.

The frequency corresponding to:

M ¼ 1

2

ðrHÞA2o4

g Po
¼ 1 (22)

Table 1. Summary of Various Values of Premultiplier k in
the Hinze Formula Found in Literature

Investigators Conditions k
Characteristic

Diameter

Hinze12 Turbulent flow 0.725 Maximum stable
diameter

Taitel et al.13 Turbulent flow 1.14 Maximum stable
diameter

Lewis and
Davidson14

Shear flow 1.67 Maximum stable
diameter

This work Oscillating flow 1.7 Sauter mean
diameter
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for certain values of A and H will be designated as fc, which
is the critical value at which bubbles stop rising at the point
of gas injection (a distance H from the top interface). For
this work with H ¼ 78 cm, the critical frequency fc is 27.7
and 22.8 Hz for amplitude of 1.66 and 2.46 mm, respec-
tively.

The theoretical results for voidage and mass-transfer coef-
ficient, represented by Eqs. 15 and 21, respectively, rest on
the following explicit and implied assumptions:

1. gas concentration is dilute, e � 1,
2. fluid amplitude is uniform from top to bottom of the

column,
3. coalescence rates are small,
4. bubble breakage occurs mainly by shear effects,
5. the expansion and contraction pulsing of bubbles has a

small effect on mass transfer (small surface renewal effects).

Experimental methods

The equipment used is shown in Figure 1. It consists of a
Plexiglas1 column of 8.9 cm in dia. and 106 cm in height.
The base of the column is sealed with a natural gum rubber
sheet. The natural gum rubber sheet is clamped between two
stainless steel disks. The disks are 8.26 cm in dia., which
essentially produces a solid piston at the column base. These
disks are directly coupled to an eccentric cam, which is
driven by a five horsepower variable speed motor. The motor
speed is controlled by an Omron Sysdrive 3G 3JV compact
inverter controller. The eccentric cam produces a sinusoidal
oscillation to the disks at the base of the column. The system
is configured for operation from 0–30 Hz, and amplitudes
from 0 to 2.54 mm.

The bubble column reactor was filled with distilled water
to a level 78 cm above the injector. Compressed air was
injected into the BCR from a single capillary stainless steel
injector of 0.75 mm dia. The gas flow rate was controlled by
use of a pressure regulator and a needle valve. Low-gas flow
rates (Uog , 0.5 cm/s) were measured by a soap-bubble me-
ter, whereas for high-gas flow rates a totalizing dry test meter
(Singer DTM-200) was used. Except for the lowest flow rate,
jetting conditions prevailed at the injector tip.

The BCR was operated as batch system with respect to
liquid phase (water) and continuous up-flow for the gas
phase (air). Experiments were performed for a range of gas
superficial velocities, namely, 0.1, 0.25, 0.5, 0.75, 1.0, 1.25,
1.5 cm/s. Frequency was varied from 0 to 30 Hz. Two ampli-
tudes of 1.66 mm and 2.46 mm were investigated.

The gas holdup was determined by the manometric
method.15 Two taps were used, one 11 cm from the piston
and the other 77 cm above the piston. The manometer fluid
was Meriam Red 295, with a specific gravity of 2.95. A pres-
sure balance on each leg of the manometer allows voidage
(e) to be determined using

e ¼ rm � r
r

8>>: 9>>;Dx
X

(23)

The height differential in Meriam Red 295, denoted as Dx,
was determined using a cathetometer, which provided an ac-
curacy of plus or minus 0.01 mm. Here X is the distance
between the two taps.

Figure 1. Pulsed bubble-column reactor.

Figure 2. Gas holdup as a function of frequency at var-
ious Uog; A 5 2.46 mm.

Figure 3. Illustration of image processing during bub-
ble-size distribution measurements.

(a) Raw image, and (b) processed image using ImageJ soft-
ware.
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It was suspected that large errors may be associated with
voidage measurements owing to the fact that applied me-
chanical oscillations cause a sinusoidal pressure field in the
column. Baird16 showed that under the oscillating conditions,
pressure inside the column can be given as

PðtÞ ¼ Po þ rðhþ A sinotÞðg� A o2 sinotÞ (24)

Hence, a careful error analysis was made for the voidage
experiments. Factors contributing toward error in voidage
measurement are: error in manometric reading, error in set-
ting amplitude and frequency, and error in gas flow rate
measurements. At an amplitude of 2.46 mm, all the experi-
ments were repeated three times to quantify the error. Figure 2
shows results of voidage measurement experiments at A ¼
2.46 mm, and at various gas superficial velocities. Average
values from these three experiments are shown with error
bars of length plus or minus one standard deviation. The
error is large at high frequencies near the flood line. In fact
it was nearly impossible to measure the voidage at or near
the flooding conditions, owing to the high-magnitude of
oscillations in the manometric fluid.

Bubble-size distribution (BSD) was measured at different
vertical positions in the column. High-speed photographs
were made using a high-speed camera (Photron Fastcam
PCI-R2). Pictures were taken through a square water box,
size 25 cm with height 86 cm, which surrounded the circular
column and allowed the bubble swarm to be viewed more
clearly. The images from the camera were analyzed using

Image J software, which calculates the area of all the bub-
bles. Figure 3 shows a sample image from the camera and its
modified version after the processing. Determined bubble
areas were used to calculate bubble-size distribution. Repre-
sentative bubble size was deduced from the bubble-size dis-
tribution curve by calculating the Sauter-mean diameter—
the Sauter-mean diameter is the ratio of the third moment to
the second moment.

Bubble-size distribution was measured at four different
vertical positions along the column. The amplitude of oscilla-
tion and the frequency were held constant at 1.66 mm and
17.5 Hz, respectively. Sauter-mean diameter decreases as we
move up the column, ultimately reaching an equilibrium
value as shown in Table 2. The effect of frequency on bub-
ble-size distribution was studied at vertical position s¼ 53.8 cm.
From Figure 4, it can be seen that the size distribution is
bimodal until frequency exceeds 15Hz, above which the dis-
tributions are normal and unimodal. The peak diameters
and the Sauter-mean diameters are not the same, although

Table 2. Sauter-Mean Bubble Diameters Taken from BSD at
f 5 17.5 Hz, A 5 1.66 mm, and Uog 5 0.166 cm/s vs.

Column Vertical Position, s

d (cm) s (cm)

0.69 10.6
0.44 37.7
0.43 53.8
0.41 67.2

Figure 4. Bubble-size distribution as a function of fre-
quency at a vertical position s 5 53.8 cm;
A 5 1.66 mm, Uog 5 0.16 cm/s.

Figure 6. Illustrating the linear dependence on Uog

according to theory (Eq. 21).

Figure 5. Sauter-mean bubble diameter (measured at
vertical position, s = 53.8 cm) vs power input,
showing Hinze type of bubble breakage.
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differences between the two values become smaller as the
distribution narrows, which is the case for higher frequencies.
Figure 5 shows the fit for the Hinze multiplier k in Eq. 11
using the Sauter-mean diameter determined from the image
analysis. The flat line through the dia. 0.6 cm, indicates the
bubble formation size at the nozzle tip. The fit of the Hinze
breakage model was quite satisfactory using the Sauter-mean
diameter data. It is seen in Figure 5 that when Pm , 0.5 W/
kg, the birth size of bubbles prevail, while at higher values
of power, breakage from turbulence and shear forces14 deter-
mine bubble size using the Hinze formula with k ¼ 1.70.

Mass-transfer experiments were performed by measuring
dissolved oxygen concentration as a function of time. A dis-
solved oxygen probe from Cole Palmer (Model 300 mm) and
signal conditioner (Model 01971-00) were used. The oxygen
probe was placed 32 cm above the injector. Signals from the
oxygen probe were directly recorded in a computer using
Labview1 instrumentation software. Once oxygen concentra-
tion data was obtained, then volumetric mass-transfer coeffi-
cient was calculated according to the following expression

CðtÞ
C� ¼ 1 � expð�kLatÞ (25)

where C(t) is dissolved oxygen concentration at time t, and
C* is saturation concentration of oxygen in the water. A
more detailed account of mass-transfer measurements can be
obtained in our previous work.1

At low-frequencies, the top free surface of the water shows
a definite pattern of surface waves. As frequency is

increased, at certain combinations of amplitude and fre-
quency, the top surface becomes unstable, starts disintegrat-
ing,17 and the liquid starts sloshing against the walls. This
splashing liquid causes entrainment of the gas from the space
above. These unstable conditions can be predicted by apply-
ing the inviscid theory of Benjamin and Ursell.18 A viscosity
correction was provided by Nyborg and Rogers11. Bretsz-
najker and Pasiuk19 observed that this unstable liquid surface
contributes significantly to the overall mass transfer. To
quantify the contribution from the free surface of water,
experiments were performed in which no gas was injected at
the bottom of the column. Vibrations were applied (A ¼
2.46mm, f ¼ 17.5 Hz), and oxygen up take was measured.
In this case the only possible way of oxygen transfer to the
liquid is through the unstable top surface of the water. Even
after operating for a long period of time (more than 1 h), no
significant dissolved oxygen concentration was observed.
Hence, it was concluded that there is little mass-transfer con-
tribution from the top unstable interface. The mass transfer
occurs mainly through gas bubbles dispersed in the liquid
phase via the gas injector. We have made estimates for mass
transfer through the wavy top interface under the worst case
to be no more than seven percent of the total transfer during
an experiment, provided f , fc.

Comparison of Theory and Experiment

Theoretical predictions of voidage and mass-transfer coef-
ficient given by Eq. 15 and 21, respectively, were compared
with experimental results. The kinematic viscosity was taken
as 0.01 cm2/s, and oxygen diffusivity in water was taken to
be 2.5 � 10�5 cm2/s.

In Figures 6 and 7, we confirm the predicted linear de-
pendence of hkLai on Uog, and the power/mass dependence
as Pm

0.8, respectively. Earlier work by Harbaum and
Houghton20 showed linear dependence on Pm, which is very
similar to the exponent of 0.8 used in this work (see Table 3).
Baird and Garstang,21 Ni and Gao22 gave dependence on Pm

to the power of 0.42, for rather different methods of impos-
ing pulsations in the presence of baffles. They also showed
that hkLai depends on Uog to the power of 0.5 and 0.37,
respectively. Krishna and Ellenberger23 observed linear de-
pendence of hkLai on Uog, which matches with this work. In
our earlier work,2 we reported that hkLai / P0:4

m based on hkLai
measurements at a single superficial-gas velocity of 0.5 cm/s.
The earlier experiments did not include effects arising from
the slowing down of bubbles owing to Bjerknes kinetic
buoyancy. This, and the single velocity used, distorted the
curve fit, which was based on quite scattered data.

Figure 7. Illustrating ÆÆÆÆÆÆÆÆkLaæææææææ dependence on Pm
0.8 accord-

ing to theory (Eq. 21).

Table 3. Summary of Operating Conditions and Mass-Transfer Coefficient Correlations Available in Literature for Oscillating
Bubble Column Reactors. Here, kLa � Pm

a Ub
og G(M)

c

Investigators System f (Hz) A (mm) Uog (cm/s) Pm (W/kg) kLa (1/s) a b c

Harbaum and Houghton20 CO2–water 20–2000 0.01–1 1.4 0–0.7 0.02–0.06 1 – 0
Baird and Gerstang21 Air–water (baffled) 1–1.35 0–94 0.8–2.5 0.1–1.8 0.03–0.17 0.42 0.50 0
Ni and Gao22 Air–water (baffled) 1–10 1–12 0.4–1.7 0.03–1.5 0.01–0.08 0.42 0.37 0
Knopf et al.2 Air–water 0–30 0–2.46 0.5 0–10 0.004–0.03 0.4 – 0
Krishna and Ellenberger23 Air–water 0–120 0–25 0.1–1.5 0–40 0.01–0.05 – 1 0
This work Air-Water 0–30 0–2.46 0.1–1.5 0–6.0 0.001–0.036 0.8 1 1
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The current theory for hkLai predicted a squared inverse
dependence on bubble size, as shown in Eq. 20. For the
Hinze bubble size given by Eq. 11, this means hkLai is fore-
cast to depend on Pm

0.8, which appears to be confirmed by our
new experiments for varying Uog, A and o ¼ 2 pf. Similarly,
Figures 8 and 9 shows linear dependence of e on Uog, and
also the voidage dependence on Pm

0.4.
In Figure 10, we illustrate hkLai predictions from our

theory, using our theoretical constant of 4.58, in comparison
with experiments at various Uog for amplitudes of 2.46 mm
and 1.66 mm, respectively. Figure 10 also illustrates the
‘‘flooding line’’ which is the horizontal line formed at the
intersection of fc (when M ¼ 1) with the theoretical curve.
The line represents the upper asymptote for hkLai when bub-
bles are stopped by Bjerknes forces at the nozzle tip.

The derived constant (K) for hkLai was stated before as
4.58, while the curve fit yielded 4.45. A total of 81 experi-
mental points were used to fit K. However, the best fitted
value of K, which is remarkably close to the theoretical
value, only approximates pinpointing the flood condition.

We have also made a comparison by modifying the Hinze
expression, so that d ! dc as input power gets very large.
We have taken the critical bubble size, in the lower limit, to
follow Brodkey’s24 law

dc ¼
0:4s

ðr� rgÞg

" #1=2

(26)

which is the size small enough to maintain sphericity, and,
thus, prevent agglomeration owing to turbulent eddies. It
would seem adding such a constant to the Hinze expression
would be a reasonable proposition, to prevent the rather
physically unrealizable state of zero bubble size as Pm ! 1.
The addition of dc to the expression for d in Eq. 11 gave
slightly better curve fits, but was not deemed worth the addi-
tional complication of one additional parameter. It may be
called upon in future.

Figure 11 compares the theoretical curve given by Eq. 15
and the experimental data for voidage measurements. The
predicted multiplier for voidage in Eq. 15 was 2.25, while

Figure 8. Illustrating the linear dependence on Uog

according to theory (Eq. 15).

Figure 9. Illustrating voidage dependence on Pm
0.4

according to theory (Eq. 15).

Figure 10. Comparison between theoretical predictions
and experimental data for mass transfer
coefficients at various Uog.

Solid line shows theoretically predicted curve according to
Eq. 21 with K ¼ 4.58. Open triangle show data taken
from Ma25; (a) A ¼ 1.66 mm, (b) A ¼ 2.46 mm.
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the data best fit gave 3.82. Hence, we use the value of 2.25
for the theoretical curve in Figure 11, where the dashed
curve is for the best fit. It is quite remarkable that this
theory, which includes several bold assumptions, can track
the data so well.

Comments and Conclusions

A rather simple 1-D theory, based on the Bjerknes kinetic
buoyancy force, and the Hinze bubble-breakage formula, led
to good comparisons with a large number of experiments for
voidage and mass-transfer coefficient. An upper limit is pin-
pointed when bubbles are stopped from rising upward at the
injection point, hence, flooding occurs. The theory is strictly
applicable to dilute gas systems of low-viscosity liquids
(such as water). It is also shown that applied pulsations pro-
duce more uniform bubble-size distributions. An extension to
viscous systems is currently being studied, along with the
effects of a periodic velocity profile depending on local ra-
dial position.

Notation

a ¼ interfacial area per unit volume, cm2/cm3

A ¼ amplitude of imposed liquid pulsation, cm
C ¼ dissolved oxygen concentration, gmol/cm3

C* ¼ equilibrium value of dissolved oxygen, gmol/cm3

CD ¼ drag coefficient, dimensionless
d ¼ bubble diameter, cm
dC ¼ critical bubble diameter, cm
D ¼ molecular-diffusion coefficient, cm2/s

E(M) ¼ 3
M ½1 � ð1 �MÞ1=3�, dimensionless

hFi ¼ time-average force, dyne
f ¼ frequency, Hz
fc ¼ critical frequency when M ¼ 1, Hz
g ¼ acceleration from gravity, cm/s2

G(M) ¼ 3
2

1�ð1�MÞ2=3

M

h i
, dimensionless

h ¼ distance from top interface to bubble, cm
H ¼ distance from top interface to gas injector, cm
k ¼ premultiplier from Eq. 11, dimensionless

kLa ¼ volumetric mass-transfer coefficient, 1/s
hkLai ¼ average volumetric mass-transfer coefficient under pulsing,

1/s

M(h) ¼ local Bjerknes number, 1
2

ðrhÞA2o4

g Po
, dimensionless

M ¼ Bjerknes number at position H, 1
2

ðrHÞA2o4

g Po
, dimensionless

P ¼ pressure, dyne/cm2

Po ¼ pressure at top interface, dyne/cm2

Pm ¼ power input per unit mass, W/kg or cm2/s3

R ¼ bubble radius, cm
Re ¼ bubble-Reynolds number, dUu , dimensionless
s ¼ vertical position in the column, cm
t ¼ time, s
tc ¼ contact time for mass transfer, d/U, s

Uog ¼ superficial-gas velocity, cm/s
U ¼ time-average bubble-rise velocity, cm/s
Vo ¼ mean-bubble volume, cm3

X ¼ distance between the two taps for manometer, cm
Dx ¼ height difference between two arms of the manometer, cm

Greek letters

e(h) ¼ local voidage in a plane at h
hei ¼ average voidage over column
u ¼ kinematic liquid viscosity, cm2/s
r ¼ liquid density, g/cm3

rg ¼ gas density, g/cm3

rm ¼ manometer fluid density, g/cm3

s ¼ surface tension, dyne/cm
o ¼ frequency, radians/s
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